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MATHEMATICAL MODELING OF RADIANT HEAT EXCHANGE
IN THERMOTECHNICAL EQUIPMENT

L. V. Ponomareva and Yu. A. Surinov UDC 536.3

An investigation is performed and solution presented of the most general formula-
tion of the problem of radiant heat exchange in a chamber of rectangular cross
section filled with an attenuating medium.

Introduction. The present study is an application of the third form of Surinov's gen-
eralized zonal method [3-5] to numerical study and solution of the eighth formulation of the
problem of {1, 2] of radiant heat exchange in a chamber of rectangular cross section in the
shape of a rectangular parallelepiped, filled with an inhomogeneous absorbing and scattering
gray medium, the volume V of which is divided along the chamber height into three volume

17
‘zones Vj (3 =15, 16, 17; V =3 V; ).
j==18

The lateral surface of the chamber is divided by the volume zones into three portions
each of which consists of four boundary zones. Thus, the boundary surface of the chamber F
is divided into 14 zones, two of which, F,s, F,,, are the chamber bases, while 12 represent
the lateral surface. The emissivity Ai i=1, 2, ..., 14) for all these zones, considered

as optically homogeneous, diffusely radiating and reflecting gray bodies, is specified.

Formulation of Problem. The eighth formulation of the problem considered below is char-
acterized by a mixed specification of both boundary and internal (volume) optical and energy
characteristics of the radiation field. It is required to determine the temperature field
for those boundary and volume zones for which the resultant radiant flux has been specified,
and to determine the resultant fluxes (and, correspondingly, the densities of the resultant
and other forms of hemispherical and volume radiation) for those boundary and volume zones
for which the temperature was initially specified.

It will be assumed that for the surfaces Fa2, Fg¢, Fi0, F4u, Fey, Fi12, Fi3, and F,, consid-
ered as isothermal, the temperatures are specified, while for the remaining boundary surfaces
the resultant radiant fluxes are specified and the zones F,, F5, and Fy are considered adia-
batic.
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The medium occupying the upper volume zone is purely absorbing (k,s = a,s) and Nres,1s

is specified. For the middle volume zone, filled by an absorbing and scattering medium, the
temperature T;s is specified. The medium filling the bottom volume zone is assumed diatherm-
al (nres,x7= 0).

Calculation Equations. Based on the third form of the generalized zonal method [1-5],
the averaged densities of the effective boundary and volume radiation are determined by solu-
tion of the following approximate system of linear algebraic equations:

n m
Eef:’_ R, gl Eef,.h $ip, — Ri 2 'lef,lpij = Ea,i (i =1, 2v'--v-”)r (1)
m n
Nefi — % E ﬂef.jpfi]) — ¥; 2 Eef,k‘pf'/:) =N, {i=1 2,..., m). (2)
j=1 k=1

Local characteristics of the incident radiation are determined using the expressions

Emc (Mi) = [Eef (Ml) - Ea,il/éi = hzl Eef.k‘p(Mi’ Fh) + 2 'r]ef',p (Mi’ V)) (M,EF,, l-:: 1, 2’”_, n), (3)
= i=1

Ninc (M;) = [eg (My) —no 3}/ = ;!Eef.h‘p“)(Mi’ Fy) +21 Nes, 0D (M V) M€V i=1, 2,.., m), (4)
= : j=

where n = 14, m = 3; Ri’ Ny Eq, 1 Ng,i»> generalized boundary and internal characteristics
(1)
. . BT W
tics of the radiation; 1p(Mi, Fk)’ p(Mi, Vj)’ p (Mi’ A

generalized mean optical-~geometric characteris-—
j)’ w(‘)(Mi, Fk), generalized local
angular coefficients, medium absorptive capabilities, and solid angles, respectively [1-5],

of the radiation; y,,, Piy? wii), and p

We will introduce the following dimensionless characteristics

) (5)
Oef.i = Eef i/Eers Gef.; = Nefj/(4kE,,), (6)
6int:, (Mi) = Einc (Mi)/‘Ecr; 9inc (Mj) = inc (Mj)/'Ecr’ (7)

Oinc,: = Einc.i/Eeni dinc,i = "]inc.i/Ecw
Ab;; 0, = Ey i/E,,, (8)

8, = Eqi/Ep= {
> T | — Bres, 1 Ores, i= Eres,i/Ecp

a0;/k;, 0, = E, ;/E.,,

Qo,;j = na.j/(4k}Ecr)= { 7 'j 7 0.1 er (9)
— Gresijy Ges,i = Nres,j/(4R;E ),

where Ecr = Uo(T: - T;), Tc and Tr are two fixed temperatures from the group of temperatures

specified for the boundary and volume zones.

Using Eqs. (5)-(9), the system of equations (1), (2) can be represented in the following
dimensionless form;

Oef,; — iéi kzleef.k‘pik - iéi quf.]Aij =8, (=1, 2,..., n), (10)
= =1
X < x; i .
Qef.t — 4k, g} eef,k‘l’f":) T 4k, izx qef.jAE‘l!) =0oq (i=1, 2,..., m), 11)

while Eqs. (3), (4) take on the form
n

Oinc (M) = 21 Os w0 (M, Fy) + 21 ot jAWM;, Vi) (MyEF; i=1, 2,..,n), 12)
R= ja=
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e (M) = X Oep sV (Myy F)+ ) qeg ADM, V) MV i = 1, 2,....m). (13)
k=1 j=1

Moreover, we have

emq,i:hzl eef.k‘pih + El %f.lA‘] (‘ = 1’ 2’"-9 n)v (14)
= i=

n

m
\
Ginc, i= 2! eefk\PEI:)-f‘ qef_,AE}) (i =1 2,..., m). (15)
=1

=1 .

7

In Eqs. (10)-(15) we make use of relationships relating the various characteristics of
the medium absorbing capability

A = dkjpis AM,, V) =dkip(M,, V),

(16)
A = dkpl} AWM, V)= k0" (M, V).

The required boundary local and mean energy characteristics are determined on the basis
of the following expressions:

a) for zones with specified temperature ei
eres(Mi) = Ai [Bmc(M,) — Bi], eres.! =Ai (Bim’i ——-ei) (Mg € Fi; [ = 1, 2,.-., n); (17)

b) for zones with specified resultant flux Qres i FiEres 1
b L]

8 (M;) = 0 inc(M;) — Oresu/Aii 0; = Ojncy —Ores, 141 (Mi€F; i=1,2,..., n). (18

Determination of the volume local and mean energy characteristics of the radiation is
accomplished with the following relationships:
a) for zones with specified temperature 6

3

a @ .
Gres(M;) = f;j— 9inc M) — 4815 Gres,s = # [Ginc, j— 46;) M€V j =1, 2,..., m); (19)
i

k;

b) for zones with specified resultant volume radiation density Nres j
’

1 k 1 k
06(M;) = T gie(M;) — —L— Greq,j 8;= — Ayne, j— —2

a, n o Gres.s (20)

MyeVii=1,2...,m..

Thus, the solution of the problem formulated reduces to sequential determination and
calculation of the following radiation characteristics:
local generalized optical-geometric radiation characteristics w(Mi

AQL, V), w(‘)(nj, F,) and p(*)(nj, V), (or A(‘)(Mj, V,) for MEF,, M€V

1, 2, vo.y n3 j, s =1, 2, ..., m;

» Fk)’ P(Mi, VS) (or
j? i, k =

mean generalized optical-geometric radiation characteristics wik’ Pys (or Ais)’ w;i),

pjé)(or A§;)) for i, k=1, 2, ..., n; J, s =1, 2, ... ,m
average local (boundary and volume) dimensionless densities of effective, incident, and
resultant radiation based on Eqs. (10), (11), and Eqs. (12)-(20).

The most difficult part of the solution is the determination of local and average gener-—
alized optical-geometric radiation characteristics, because of the need to calculate various
multiple integrals.

Determination of Local and Mean Generalized Optical-Geometric Radiation Characteristics,
In the equations for local and mean generalized optical-geometric radiation characteristics
[1-6], there appears an exponential function exp[—h(Mi, Nk)], where h(Mi’ Nk) is the optical
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thickness of the layer of medium, defined by the expression

(Mg, Ny)
My Ny= | k()dr.

0

In the case of a homogeneous medium (k(r) = const) we have h(M,, k) = kr(Mi, Nk).

For an optically inhomogeneous medium, the medium extinction coefficient k(M) is a func-

tion of the point, varying along a ray between points Mi and Nk' Assuming that the medium

is inhomogeneous only along the z coordinate (the vertical), introducing the variables z =r-
cos Y+ 2,, dz = cos ydr, cos Yy = (2, — z,)/r(M,, ), we obtain
i k i k
(M, Nh) r(M; Np)cosy+z; Mo N £
. * r R d
h (M, Ny) = J k(r)ydr = J k(2)dz = —(;—I—;—k-)- j k(2)dz =k, (M;, N)) r (M;, Ny,
R~
0 2.

i 2;

cosy

where

2R
1
bas(Mey M) = ——— jk (2) dz.

2q

To calculate local generalized radiation coefficients, the conventional trapezoid method
is used, together with the closure equation and the condition of symmetry for corresponding
subsystems of the given radiating system. We note that two additional zones F,s and F,y were
introduced here, dividing the volumes V,s, V;¢, and V,,.

In calculating the mean generalized radiation characteristics, Korobov's method [7] was
used for integrals having no singularities, while Korobov's method in combination with that
of Gauss was used for integrals with singularities. Also widely used were reciprocity equa-
tions of the form [3]

VYirFi = $uiFrs BV, = 4F,08;,

together with the closure equation and the condition of symmetry for individual subsystems
of the radiating system.

The validity of these radiation characteristic calculations was verified by use of the
closure equation for the entire radiating system, and also by comparison of the calculated
results with data from the literature (Detkov—Vinogradov table [6]).

Example. We will consider a concrete chamber with dimensions a = 1, b = 1.5, h = 3.
The height of the volume zones Vj will be identical, h; = h, = hg = 1.

The following dimensional and dimensionless parameter values will be specified for bound~

ary and volume zones: eres,x = eres,s = eres,s = 0; ereg,3 = eres,, = eres,xx = 0.01; T, =

Te = Ty0 = 600°K (corresponding dimensionless values 6, = 8¢ = 8,0 = 0.019853); T, = To =

T,2 = 800°K (dimensionless 6, = 8¢ = 0,, = 0.062745); the base temperature T,s = 1000°K, T;.,=
400°K (dimensionless 8,5 = 0.153186 and 6,, = 0.003922); 9Ue = 0.02; T,6 = 1600°K (0, =
1.003922); qreg,a7 = O. 213

In the given case the dimensionless radiation characteristics are the ratios of the cor-
responding dimensional characteristics to the quantity Ecr = Eie,14 = 00(Tie — T3a).

The boundary surfaces are assumed optically homogeneous with emissivities equal to Ai =
0.8 1 =1, 2, ..., 14).

For the volume zones the values a;s = kys = 0.5 [1/m]; kis = 1 [1/m]; a6 = B1s = 0.5
[1/m]; ki7 = @17 = Bi7 = O.were chosen.

Analysis of Numerical Results. The numerical calculations performed and a study of var-
ious average generalized optical-geometric characteristics of the radiation in this chamber
produced the following dependence of these characteristics on coordinates x, y, and z.

Figure 1 shows the z dependence of local absorptive capability A( )(M Vis), A Y (M,
Vi6) of the volume zones V,s and V,¢ at inner points of the chamber. With displacement of
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Fig. 1. A(l)(M, Vx.s) and A(l)(M, V;s) vs Z (M£V15, V;s, Vir)z a) A(l)(M, V;;); b)
ACY) (M, Vi6); 1) £=0.5; F=0; 2) £=0.5;F=0.25; 3) T=F=0.5; 4) X=0; § =
0.5 (X =x/a; ¥ =y/b).

Fig. 2. Dimensionless temperatures 6(M;), 64 and surface resultant radiation dens-

ity 8res(Mi), fres,i Vs z at midpoint of chamber lateral surface: 1) x= 0.5a, y=0; 2) x=q; y=
0.5b; 3) x=0.5a; y=b; 4) x=0,y=0.5;a)i=1,2, 3, 4; b)1i=25,6, 7,

8; ¢c)i=29, 10, 11, 12.

b4

points MgV along the vertical from the upper to the lower boundary A(‘)(M, V,s) first increas-
es, taking a maximum value at z = h;/2 (~1.3 for x/a = y/b = 0.5) then falls off, reaching
values of 0.04-0.06 at z = h; + h; and 0.02 at z = h,

For A(’)(M, Vis) there is a more significant change with z coordinate. As for A(‘)(M,
V,7) in the given case, this quantity is identically equal to zero, since the zone V,; is
diathermal.

Figures 2-4 show results of a numerical study of the distributions of boundary and vol-
ume energy characteristics on the lateral surface and in two volume zones of the chamber.

Figure 2 presents the z dependence of radiation energy characteristics on the chamber
lateral surface in four planes. In particular, for the zones F,, Fy, Fy and Fs, F;, F,;,
curves of dimensionless temperature on the median verticals of the respective faces are
shown. For the surfaces Fa, F¢, Fio0 and F,, Fes, F;2, the distribution of resultant radiation
surface density on median verticals of the corresponding faces is shown. The same figure de-
picts mean values of the energy characteristics for corresponding zones of the lateral sur-
face.

The dependence of the energy characteristics on the other coordinates x, y, or the z
dependence with different fixed values of x, y differs greatly.

Figure 3 shows q (M16) as a function of coordinates x, y, z within volume zone V,s.

res
It is evident that the dependence of qres(M“) on z and x is identical in character. Also

shown is the mean value of Qres,16*

176



Fig. 3. qres(M‘°) vs coordinates ;; ;;‘;: 1) x=0; 2) x=
0.5a; 3) xX=g; 4) z="hy; 5 z=h, +0.25 h;; 6) z =h, +

0.5hz; 7) z = hy +0.75 ha; 8) 2 =h, + ha3 9) qres, 63

= 0.5b; c)y = b; d) x(3) = 0.5; e) x(y) = 0;
x/a; y = y/b; Z = (z — hy)/h2).
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Fig. 4. Distribution of dimensionless temperature 6(M;s) in

x =a; 4) z =0; 5) z=0.25 hy; 6) z = 0.5 hy; 7) z = 0.75
E‘i 8) z = hy; 9) 8355 a) y =0; b) vy = 0.5b; ¢c) v = b; d)
x(y) = 0.5; e) x(3) = 0; £f) X(3y) =1 (x = x/a; y=y/b; z =

z/h,).

Figure 4 shows curves depicting the dependence of dimensionless temperature 6(M,;s) on
coordinates x, y, z of points M,s6V,s. These functions clearly show the complex character
of the change in the temperature field of the medium in V,s. The functions have the same
character only over height z of V,5. With removal from the upper boundary of the volume V, s
the medium temperature first decreases, reaching minimum values at z = 0.25 h,;, then increas-
es, more significantly, the greater z. The greatest change in dimensionless temperature
6(M,s) with coordinates x, y, occurs at z = h, = const. The figure also shows the mean value
of the temperature 6;s of volume V,s.
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NOTATION

Eai’ Ri generalized characteristics of boundary radiation of surface Fi; N, joMis gen-
. ?
eralized characteristics of volume radiation of volume Vi of medium; Eef(Mi)’ E

and mean surface densities of effective radiation of surface F

ef. 1’ local
bl

1 at point MiEFi; "ef(Mi)’

Nef 1? local and mean densities of volume effective radiation at point Miév
9
E

17 Egpc )

local and mean densities of incident radiation at point M, of surface F (Mi)’

inc,i’ i 1* Minc
ninc 1’ local and mean spatial densities of incident radiation at point Mi of volume V

b}
Eres(Mi)’ Eres,i’ local and mean surface densities of resultant radiation at point Mi&Fi;

nres(Mi)’ nres,i’ local and mean densities of volume resultant radiation at point MiGVi;

a(M), coefficient of volume absorption at point M of medium; B(M), coefficient of volume
scattering at point M of medium; k = a + 8, extinction coefficient of medium; h(M, N), opti-
cal length of ray between points M and Nj; w(Mi, Fk)’ local generalized angular coefficient

i’

of radiation from elementary area dFMi' located at point Mi of surface Fi onto surface Fk

through intermediate attenuating medium; w(‘)(M R Fk) generalized solid angle with apex at

point Mi of volume V, bounded by surface Fk; A(Mi’ Vj) =4 kjp(Mi, Vj), local atten?agion of
3 Yo,

= const); A(‘)(Mi, Vj) =4k
Vj)’ addition to generalized solid angle with apex at point Mi of volume Vi(MiGVi); wik’ mean

i

volume Vj of medium at point Mi of surface Fi (at k jp

generalized angular radiation coefficient from surface Fi onto surface Fk through intermed-

- G) _ (1)
=4 kjpij and ASj 4 kjpsj

iate absorbing and scattering medium; , Iean attenuation

Aij

of volume V, of medium from surface F, and volume Vs'

3 b §
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